
Algebraicsetstthenullstellensat

While it is possible to state t prove the Nullstellensate

purely algebraically it is important to give some
geometric context so we first briefly introduce some

classical AG concepts

let k be a field

Def If S EkEx xn R then

2 s a an ek t a an O k f e g

This is called an algebraic set in k which inthis context can be

written 1A

Ed If g x2 y E IRCx y

2 s

If S x ti EIRE then 2 s 0

If S x'ti E x then 2 s i i

i Z f fm Z I Z ft where I ti fm



J C

If SES'EkCx Xm then 2 5 C 2 s

Def If XE ku I X tekfxi xn f p o f pcX

Def An ideal IER is radical if IT I

Cleek I X is a radical ideal and 2 I Z J 2 J for

any ideal JERG xD

Notice that if Ca au E k R Kali xn then the map

R R
xi xi ai

is an isomorphism and thus induces an isomorphism

R
xn a xn an

The evaluation map R k is a surjection w kernel Gi Tn
f fCo o

w x a Xu au is always a max't ideal

That is there's an injection 1A Spec R with image
contained in the set of max l ideals

In fact if X 2 I E IA then Ca aw cX s f a an O V FEI



x a xn au c I

i e Thealgebraicsets of1A are the closed sets of Spec R

intersected w the image of Ah and in this way 1A
inherits the Zariskitopology

In fact if K E and X c1A an algebraic set we'll see by The

Nullstellensatz that there is a one to one correspondence
between points of X and closed points i.e Max't ideals

in Spec MICH

Ncte If k E we can have more maxi1 ideals in Spec R

For instance tR
i
I 1C so 42 1 is maximal

How are I and 7 related

Lemmy let R kCx Mid JER an ideal and X Z J

a ft EI X and

b X Z I x

PI a If f cTJ then f c J some n For PE Z J

f P o f P O f c I 2 J

b Let PEX Then it f c I X f P 0 so C holds



On the other hand by a

2 ICA E Z ft X D

To summarize here are the relationships we know

so far between ideals and algebraic sets

we have a map Z ideals in kCx xD alg sets in Ak

Z issurjective bydef

If X is algebraic 2 IK X so I is a right inverse

2 x 2 x so it's not injective

However 2 I 2 rt

If we restrict our attention to radical ideals is Z a bijection

Ngo let R IR x y Then x2ty2 is irreducible

thus x y and x y are both primeand thus radical
However the Zero set of each is 0,0

The Nullstellensatz says that if k is algebraically closed we do get
a bijection

HilbertbNullstelleusatz Let k be algebraically closed and

I E kEx xD an ideal Then I Z I FI



Thus I is a left inverse whenZ is restricted to radical ideals

Inorder to provethis we first need the following

weak.NU 1ensatt If k is algebraically closed and I EKG xD
a proper ideal then 2 I 0

If Find a maximal ideal in SI Then 2 m EZ I

14I.TT I jYiaYea.m
ka

misotmeaJwe'll prove this later after more theory

so 2 m a san Inparticular 2 I 0 D

tstellmsat we know TI EI 2 I

Let I f fr Suppose gEI 2 I

let R kCx xD and S kCx XnD

Define J f fr Xing 1 E S

What is 2 J E1A If Pe 2 J then fi P o V i

so g P O



Thus Tung I evaluated at P is not 0 Z J 0

The weak Nullstellensatz implies that J S so I c J

Eai fi t b xn g l 1 for some ai ar b t S

Let N be the highestpowerof xn appearing in theequation
and set y

L
Tnt

Multiplying bothsides at the equation by y and cancelling all

The Xun's yields

off F g y yn where I at I ckCx Xn y

Substituting g for y we get gN F 0 where FEI
doyouseewhy
we'reallowedto
dothis

so g c TI D

This thus implies that for k ti there is a one to one

correspondence

radical ideals algebraic sets
I CKca xn X Ean

I 1 2 I

I x X


